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Abstract—We consider dual-polarized optical multi-soliton
pulse transmission. Modulating the nonlinear spectrum, it be-
comes highly correlated in noisy fiber links. We propose a simple
precoding to significantly reduce the correlation, allowing disjoint
detection of spectral amplitudes.
I. INTRODUCTION
For the nonlinear optical fiber channel, the Nonlinear
Fourier Transform (NFT) maps a pulse to a nonlinear spectrum
in which the pulse propagation is described by a simple linear
transformation [1]. Different ways to modulate the nonlinear
spectrum have been studied and demonstrated experimentally
[2]. The evolution equations of the nonlinear spectrum are
only exact in an ideal fiber where the nonlinear frequencies are
preserved and their spectral amplitudes remain uncorrelated.
Those properties allow to revert the transformation of each
spectral amplitude in the receiver independently, known as
Inverse Scattering Transform (IST). It can also be applied in
two polarizations if the optical field propagation follows the
Manakov equations [3], [4]. A dual-polarization N -th order
soliton pulse is characterized in the nonlinear spectrum by N
4-tuples of eigenvalues {λk = ωk + jσk} and corresponding
Jost (spectral) coefficients {a(λk), b1(λk), b2(λk)} which can
be modulated [3]. In the presence of noise or other small
perturbations, the IST is still practically applicable, but the
eigenvalues may change (random walk fluctuations along the
link) and become correlated. Accordingly, the Jost coefficients
become correlated as their transformation is related to the
eigenvalues. As a consequence, the naive IST becomes less
effective. These problems, and some more efficient detection
schemes for specific cases, have been reported for single
polarization [5]–[8]. We propose a simple precoding scheme
to transform b1(λk), b2(λk) into another pair with much
less mutual correlation. The underlying idea is that b1(λk),
b2(λk) undergo a similar transformation even though λk is
changing randomly along the link. Therefore, the differential
phase of b1(λk) and b2(λk) will be well preserved along
the transmission. Thus, we encode b1(λk) and b2(λk) by a
common phase ϕc and a differential phase ϕd. Then, ϕd can
be detected independently of the inverse scattering of b1(λk),
b2(λk) while ϕc must be detected via IST. We verify the
performance of our precoding scheme in terms of reducing
the estimation error via Split-Step Fourier simulation. We
transmit second order solitons with QPSK modulated spectral
coefficients, for a 16Gbs gross rate over 4350km optical fiber.
II. TRANSFORMATION OF NONLINEAR SPECTRUM
As a multi-soliton propagates along an ideal fiber, the
spectral coefficients b1 (λk), b2 (λk) are transformed by (1).
In the presence of noise, the eigenvalues, and accordingly,
the spectral coefficients may be perturbed. However, it is
not yet fully known how the transformation (1) should be
modified. For single-polarization solitons, a transformation is
approximated using a simple Markov model [7], [8]. Following
the arguments in [8], we extend this model to dual polarization
(2), where λk(z) is the actual eigenvalue at distance z.
bi (λk, L) = bi (λk, 0) e
−4jλ2kL (1)
bi (λk, L) ≈ bi (λk, 0) e−4j
∫ L
0
λ2k(z)∂z (2)
Note that instantaneous changes in eigenvalues cause some
instantaneous changes in bi(λk(z)), which are neglected in this
simple model. In the ideal (noiseless) case, when eigenvalues
do not change, this approximation becomes identical to (1).
According to (2), fluctuations in the eigenvalues therefore
affect the phase rotation of the spectral coefficients. This phase
rotation needs to be compensated at the receiver to estimate
the transmitted phases. If the information about the random
walk of the eigenvalues λk(z) was known, the phase rotation
could be compensated almost perfectly [8]. However, this
information is not fully available at the receiver causing errors
in the phase estimations.
III. PRECODING OF THE SPECTRAL COEFFICIENTS
Although λk(z) may not be fixed and fluctuate randomly,
Eq. (2) implies that b1(λk, L) and b2(λk, L) are transformed
(almost) identically. Consequently, the phase difference be-
tween b1(λk, z) and b2(λk, z) is (almost) preserved along
the link, regardless of eigenvalues fluctuations. This prop-
erty suggests the following differential precoding: For each
eigenvalue λk, both spectral coefficients b1,k := b1(λk) and
b2,k := b2(λk) can be mapped bijectively to a common phase
ϕc and a differential phase ϕd according to
b1,k = |b1,k|ejϕc,k , b2,k = |b2,k|ej(ϕc,k+ϕd,k). (3)
One can modulate the phases of {b1,k, b2,k}, or alternatively
{ϕc,k, ϕd,k}. With (2), ϕd,k can then be obtained from
b∗1,k(L)b2,k(L) ≈ |b1,k||b2,k|e16
∫ L
0
ωk(z)σk(z)∂zejϕd,k . (4)
The estimation of ϕc,k requires, however, the trace of λk(z)
along the link in (2). A simple estimation of the integral in (2)
is L2 (λ
2
k(0)+λ̂
2
k(L)), where λ
2
k(0) is the design eigenvalue and
λ̂k(L) is the detected eigenvalue at the receiver. Let b̂i(λ̂k, L)
denote the received spectral coefficients. Then, we estimate the
differential phase ϕd,k and the common phase ϕc,k by (5). We
observe ϕ̂d,k being independent of the eigenvalue fluctuations
along the link.
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Figure 1. Transmission simulation setup of pol-mux 2-soliton pulses including differential precoding/decoding of {b1(λk), b2(λk)}, k = 1, 2.
ϕ̂d,k = arg{b̂1
∗
(λ̂k, L)b̂2(λ̂k, L)},
ϕ̂c,k = arg{b̂1(λ̂k(L)) exp(2j(λ2k(0) + λ̂2k(L))L)} (5)
This precoding scheme also includes two special cases: setting
ϕd,k = −2ϕc,k leads to the phase-conjugated pair {b1,k, b2,k},
resembling the phase-conjugated twin-wave technique in time-
domain; ϕc,k = 0 leads to a pilot-assisted scenario to estimate
the back-rotation more precisely.
IV. SIMULATION RESULTS
We verified the benefit of the precoding by transmis-
sion simulation of 2-solitons. The optical single-mode fiber
is modeled by Manakov equations with β2 = −5.75ps
2
km ,
nonlinearity γ = 1.6 1W·km and attenuation α = 0.046
1
km .
Ideal distributed Raman amplification was assumed with
noise power spectral density NASE = nspαhνs[ WHzkm ] (nsp =
1.1, νs = 193.4THz and Planck constant h). We as-
sumed an inline filtering with 50GHz bandwidth. The soli-
tons have two eigenvalues: λ1 = 0.5j, λ2 = 1j. The
phases of bi(λk) are modulated according to (3), where ϕc
and ϕd are randomly chosen from a QPSK constellation.
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Figure 2. Received QPSK con-
stellation at L = 4350km for
estimated common and differential
phases {ϕ̂d,k, ϕ̂c,k} for both eigen-
values
The dual-polarization soliton
was generated using the Dar-
boux transformation [9]. It
was scaled to the physical
unit and truncated with the
pulse interval of 500ps, con-
taining more than 99.9% of
the pulse energy. It results
in the gross rate of 16Gbs .
We used the Split-step Fourier
method (SSFM) for transmis-
sion simulation up to L =
4350km fiber length. The av-
erage launch power was set to
−0.75dBm (PAPR ≈ 12dB),
resulting the received SNR
= 27dB at the link end. We applied Forward-backward
NFT [10] (extension to dual-polarization) to the signal at
different locations along the link z and estimated the actual
spectrum {λ̂k(z), b̂1(λ̂k, z), b̂2(λ̂k, z)}. Accordingly, we esti-
mated {ϕ̂d,k, ϕ̂c,k} from (5) and also individually estimated
arg b1(λk) and arg b2(λk) by IST. The simulation setup is
illustrated in Fig. 1 while Fig. 2 shows the estimated phases at
L = 4350 km. We observe that both ϕ̂d,k were estimated with
very small variations but ϕ̂c,k = arg b1(λk) is scattered with
larger variations. We observe that arg b2(λk) is as scattered
as ϕ̂c,k. Fig. 3 shows the phase variations in terms of standard
deviation along the link. We observe ϕ̂d,k being much more
reliable than ϕ̂c,k or arg b2(λk) as the differential phase does
not need the backrotation.
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Figure 3. Phase estimation error as standard deviation of estimated transmitted
phases along the link for (a) eigenvalue λ1 and (b) eigenvalue λ2
V. CONCLUSION
We consider the transmission of dual polarization multi-
soliton pulses, phase modulated in the nonlinear spectrum.
In the presence of perturbation, e.g. ASE noise, the spectral
coefficients of different eigenvalues become correlated and
should be decoded together. We propose a differential pre-
coding scheme that maps the correlated phases of the spectral
amplitudes to another pair of phases with much less mutual
correlation. These uncorrelated phases can then be recovered
more reliably. The benefit of this precoding is illustrated by
transmission simulation of second order solitons with common
and differential phases of spectral coefficients being chosen
from a QPSK constellation. The resulting standard deviation
of the phase estimation error indicates significant improvement
of the detection performance.
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